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ABSTRACT:  

We have investigated Locally Rotationally Symmetric Bianchi Type-II Magnetized String Cosmological Model by solving 

the field equations of Bimetric Theory of Gravitation. The model has volumetric hyperbolic expansion and expansion is 

always in accelerating phase. Other geometrical and physical behavior of the model have been studied. 
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INTRODUCTION: 

The occurrence of magnetic field on galactic scale is a 

well established fact today and anisotropic magnetic 

field models have significant contribution in the 

evolution of galaxies and stellar objects. Harrison [1] 

has described that magnetic field could have a 

cosmological origin. Melvin [2] has claim that during the 

evolution of Universe, the matter is in highly ionized 

state and due to smooth coupling with field it form 

neutral matter as a result of universe expansion. Strong 

magnetic field can be created due to adiabatic 

compression in clusters of galaxies. Large-scale 

magnetic field gives rise to anisotropies in the universe. 

Therefore, the presence of magnetic field in anisotropic 

string universe is not unrealistic. Asseo and Sol [3] 

emphasized the importance of the Bianchi Type II 

universe. Roy and Banerjee[4], Yadav et al.[5] and 

Bali[6] have investigated the LRS Bianchi type II 

cosmological models representing the clouds as well as 

massive strings. 

The field equations of Rosen’s [7, 8] bimetric theory of 

gravitation are  

𝑁𝑖
𝑗
−

1

2
𝑁𝛿𝑖

𝑗
= −8𝜋𝑘𝑇𝑖

𝑗
                  (1) 

where 𝑁𝑖
𝑗
=

1

2
𝛾𝑝𝑟 (𝑔𝑠𝑗𝑔

𝑠𝑖 𝑝
)
 𝑟
,   𝑁 = 𝑁𝑖

𝑖  ,   𝑘 =

√
𝑔

𝛾
  together with 𝑔 = 𝑑𝑒t(𝑔𝑖𝑗) and 

 

𝛾 = 𝑑𝑒𝑡(𝛾𝑖𝑗), Here the vertical bar (│) stands for γ-

covariant differentiation and 𝑇𝑖
𝑗
 is the energy–

momentum tensor of matter field. The Bimetric theory 

of gravitation is free from the singularities that occur in 

general relativity that was appearing in the big–bang in 

cosmological models. Several aspects of bimetric theory 

of gravitation have been studied and investigated many 

Bianchi type cosmological models in it by many 

researchers [9-21]. Locally Rotationally Symmetric 

Bianchi Type-II Magnetized String Cosmological Model 

with Bulk Viscous Fluid have been studied by Atul Tyagi 

et al.[22] in Einstein general relativity and we plan to 

study this model in Rosen’s bimetric theory of 

gravitation on the ground of its geometrical and 

physical behavior. 

It is seen that this Locally Rotationally Symmetric 

Bianchi Type-II Magnetized Magnetized Cosmological 

Model in Rosen’s Bimetric Theory of Gravitation has 

volumetric hyperbolic expansion and geometrical and 

physical behavior of all physical parameters are  

hyperbolic in nature which is not in general relativity. 

This hyperbolic geometric view point of our model will 

definitely help to the people of physicist community to 

search such type of universe.  
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We consider the LRS Bianchi Type-II metric in the form

  

𝑑𝑠2 = −𝑑𝑡2 + 𝐴2(𝑑𝑥2 + 𝑑𝑧2) + 𝐵2(𝑑𝑦 −

𝑥𝑑𝑧)2,                                                                                (2) 

where 𝐴 and  𝐵 are functions of cosmic time t-alone.  

The flat metric corresponding to metric (2) is 

𝑑𝜂2 = −𝑑𝑡2 + (𝑑𝑥2 + 𝑑𝑧2) + (𝑑𝑦 − 𝑑𝑧)2. 

                             (3) 

The energy momentum tensor (𝑇𝑖
𝑗
) for a cloud of 

strings with bulk viscous fluid and electromagnetic field 

(𝐸𝑖
𝑗
) is given by 

Ti
j
= ρviv

j-λxix
j-ξvl;l (viv

j + gi
j
) + Ei

j
,
   

                                                    (4) 

where 𝜌 is the rest energy density of the cloud strings, 

λ is the string tension density and 𝜉 is the  coefficient 

bulk viscosity, 𝜃 is the expansion scalar, 𝑣𝑖 =

( 0, 0, 0, 1 ) is the space-like four velocity vector and 

the direction of the string 𝑥𝑖  is choosing 𝑥𝑖 =

( 
1

𝐴
, 0, 0, 0 ), the time-like vector such that 

𝑣𝑖𝑣
𝑗 = −𝑥𝑖𝑥

𝑗 = −1                                            (5)                                             

𝑣𝑖𝑥𝑖 = 0,                                                                (6) 

and electromagnetic field (𝐸𝑖
𝑗
) is 

𝐸𝑖
𝑗
= �̅� [|ℎ|2 (𝑣𝑖𝑣

𝑗 +
1

2
 𝑔𝑖

𝑗
) − ℎ𝑖ℎ

𝑗].               (7) 

The magnetic flux vector is given by 

ℎ𝑖 =
√−𝑔

2𝑏
 𝜖𝑖𝑗𝑘𝑙𝐹

𝑘𝑙𝑣𝑗,                                           (8) 

where  �̅�  is the magnetic permeability, 𝐹𝑘𝑙  is the 

electromagnetic field tensor, 𝜖𝑖𝑗𝑘𝑙 is the Levi-civita 

tensor, magnetic field is along the x-direction, so that 

𝐹23 is the only non-vanishing component of 𝐹𝑠𝑝 and 

ℎ1 ≠ 0, ℎ2 = ℎ3 = ℎ4 = 0. Due to assumption of 

infinite electrical conductivity, we have 𝐹14 = 𝐹24 =

𝐹34 = 0 and  𝐹23 ≠ 0. 

The particle is loaded on the string and its density 𝜌𝑝 

is defined by  

𝜌𝑝 = 𝜌 − 𝜆.                                                           (9) 

From Maxwell’s equation, 𝐹[𝑖𝑗,𝑘] = 0,    we write 

𝐹23 = −𝐹32 = 𝐻 = Constant.                          (10) 

Equation (8) leads to  

ℎ1 =
𝐻

�̅� 𝐵
                                                    (11) 

Using equation (11), equation (7) yield 

𝐸1
1 = −

𝐻2

2 �̅�𝐵2𝐴2
= −𝐸2

2 = −𝐸3
3 = 𝐸4

4
              (12) 

Rosen’s field equations (1), for the metric (2) and (3) 

becomes 

�̈�

𝐵
−

�̇�2

𝐵2
= 16𝜋𝐴2𝐵 (𝜆 + 𝜉𝜃 +

𝐻2

2 �̅�𝐵2𝐴2
),           (13) 

2
�̈�

𝐴
−

�̈�

𝐵
− 2

�̇�2

𝐴2
+

�̇�2

𝐵2
−

𝐵2

𝐴2
= 16𝜋𝐴2𝐵 (𝜉𝜃 −

𝐻2

2 �̅�𝐵2𝐴2
),                                                                              (14)     

�̈�

𝐵
−

�̇�2

𝐵2
+

𝐵2

𝐴2
= 16𝜋𝐴2𝐵 (𝜉𝜃 −

𝐻2

2 �̅�𝐵2𝐴2
),          (15) 

2
�̈�

𝐴
+

�̈�

𝐵
− 2

�̇�2

𝐴2
−

�̇�2

𝐵2
= 16𝜋𝐴2𝐵 (𝜌 +

𝐻2

2 �̅�𝐵2𝐴2
),                                                                             

                                                                              (16) 

The law of conservation of energy momentum tensor 

𝑇𝑖𝑗
 𝑗
= 0 

yield 

�̇� =  (2
�̇�

𝐴
) − (𝜌 − 𝜉𝜃) (2

�̇�

𝐴
+

�̇�

𝐵
)

                   

(17) 

where  �̇� =
𝜕𝐴

𝜕𝑡
,   �̇� =

𝜕𝐵

𝜕𝑡
,   �̈� =

𝜕2𝐴

𝜕𝑡2
,   �̈� =

𝜕2𝐵

𝜕𝑡2
.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            

SOLUTION OF FIELD EQUATIONS WITH 

PHYSICAL QUANTITIES 

These equations (13-17) are five differential equations 

in five unknowns 𝐴, 𝐵, 𝜌, 𝜆  and 𝜉, (as 𝜃 is in terms of 

𝐴 and 𝐵). Therefore, this system of five differential 

equations (13-17) determine unique solution. 

After solving equations (14) and (15) we get, 

𝑑

𝑑𝑡
(
�̇�

𝐴
) −

𝑑

𝑑𝑡
(
�̇�

𝐵
) =

𝐵2

𝐴2
,  (18) 

and from equations (13) - (16), we write, 

−2
𝑑

𝑑𝑡
(
�̇�

𝐴
) = 16𝜋𝐴2𝐵(𝜆 + 𝜉𝜃 − 𝜌)      (19) 

With this equation (19), the differential equations (13), 

(15) and (16) yield 
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𝑑

𝑑𝑡
(
�̇�

𝐴
) =

𝐵2

𝐴2
                                                    (20) 

From equations (18) and (20), we get 

𝑑

𝑑𝑡
(
�̇�

𝐵
) = 0                                                    (21) 

which yield 

𝐵 = 𝑒(𝑙𝑡+𝑚)
                                                    (22) 

where 𝑙 (> 0) and 𝑚 are constants of integration. 

Using this value (equation (22)) of 𝐵, from equation (20), 

after straightforward calculations, we write the value of 

𝐴 as 

𝐴 = 
1

2
[𝑒(𝑙𝑡+2𝑚−𝑡−𝑐2) + 𝑒(𝑙𝑡+𝑡+𝑐2)]  (23) 

where 𝑐1, 𝑐2 and 𝑚 are constants. 

For simplicity we assume  𝑐2 = 𝑚. So that 

𝐴 = 𝑒(𝑙𝑡+𝑚) cosh 𝑡                                             (24) 

Hence metric (2) reduces to  

𝑑𝑠2 = −𝑑𝑡2 + 𝑒2(𝑙𝑡+𝑚)[cosh2 𝑡 (𝑑𝑥2 + 𝑑𝑧2) +

(𝑑𝑦 − 𝑥𝑑𝑧)2].                      

                                                                              (25) 

This is the required metric represents locally 

rotationally symmetric Bianchi type-II magnetized 

string cosmological model with bulk viscous fluid in 

bimetric theory of gravitation and it which is free from 

singularity. It is to be noted that the behavior of our 

model reflects by hyperbolic geometric functions and 

therefore the geometry of our model is hyperbolic in 

nature. This is the interesting point in the geometry of 

the model that our model has hyperbolic geometry, and 

it is helpful to the people of physicist community to 

search such type of geometry.  

The spatial volume  𝑉, energy density 𝜌, the string 

tension density 𝜆, the particle density 𝜌𝑝, the bulk 

viscosity 𝜉, the scalar of expansion 𝜃 and the shear 

tensor 𝜎 for the model (25) are 

𝑉 = 𝑒3(𝑙𝑡+𝑚)(cosh 𝑡)2 ,                                     (26) 

𝜌 =  (
1−tanh2 𝑡

𝑒3(𝑙𝑡+𝑚) ) [
(1−tanh2 𝑡)

8𝜋
−

𝐻2

2�̅�𝑒(𝑙𝑡+𝑚)],        (27) 

𝜆 = (
tanh2 𝑡−1

𝑒3(𝑙𝑡+𝑚) ) [
(1−tanh2 𝑡)

16𝜋
+

𝐻2

�̅�𝑒(𝑙𝑡+𝑚)],           (28) 

𝜃 = 𝑣𝑙
 𝑙
= 2 tanh 𝑡 + 3𝑙,                                 (29) 

𝜉 =  
(1−tanh2 𝑡)

(2 tanh 𝑡+3𝑙)𝑒3(𝑙𝑡+𝑚) [
(1−tanh2 𝑡)

16𝜋
+

𝐻2

2�̅�𝑒(𝑙𝑡+𝑚)],                                               

                                                   (30) 

𝜌𝑝 = (
1−tanh2 𝑡

𝑒3(𝑙𝑡+𝑚) ) [
3(1−tanh2 𝑡)

16𝜋
+

𝐻2

2�̅�𝑒(𝑙𝑡+𝑚)],      (31) 

𝜎 =
1

√3
(2 tanh 𝑡 + 3𝑙)

1

2                                     (32) 

The deceleration parameter (𝑞) for the model (25) is 

given by 

𝑞 = − [1 +
2
3⁄ (1−tanh2 𝑡)

(2 3⁄ tanh 𝑡+𝑙)
2]                                 (33) 

We are going to study the geometrical and physical 

behavior of all these physical parameters by assuming 

𝑙 = 1 and 𝑚 = 0 in next section. 

THE GEOMETRICAL AND PHYSICAL  

SIGNIFICANCE OF THE MODEL 

 

The model has volumetric hyperbolic expansion. At 𝑡 =

0, the volume 𝑉 attain the value one and it is 

hyperbolically increasing function of time 𝑡, and admit 

the infinite value, when 𝑡 → ∞ (shown in Graph – 1). 

This shows that the model start with constant (nonzero) 

volume and volume of  the model  increasing 

hyperbolically with increasing time 𝑡 and tends to 

infinite at later stage of time 𝑡. 

 

Graph-1: V   Vs  t 

Graph-2: ρ Vs  t 
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The behavior of the geometry and all the physical 

parameters of the model are governed by hyperbolic 

geometric functions of time 𝑡. The density parameter 

behave hyperbolic in nature (Graph–2). At early stage 

𝑡 = 0, the density is zero and increasing rapidly as 𝑡 

increases (slowly), reaches the peak point and suddenly 

coming down and attain the zero value at  𝑡 =  1.06. 

In the meanwhile for small interval of time, it become 

negative and then attain the zero value forever for whole 

domain of time 𝑡 (Graph–2). This shows that the model 

with bulk viscous fluid start with zero density and 

attain the maximum density of the matter at time 𝑡 =

0.5 and then density decreasing and it vanish at  𝑡 =

1.06 . For small interval of time, model suddenly does 

not exist and then model admit vacuum case from 𝑡 ≈

1.5 onwards.    

 

String tension density λ in the model is negative 0 ≤

𝑡 < 1 and it is zero for 1 ≤ 𝑡 < ∞. This shows that 

the string tension density in the model do not exists in 

the domain of time 0 ≤ 𝑡 < 1 and for the whole 

domain  1 ≤ 𝑡 < ∞ , string tension density attain zero 

value (see graph-3)  

 

The graph of scalar expansion θ is hyperbolic tangential 

in nature. At 𝑡 = 0, the scalar expansion attain the 

constant value three and it is hyperbolic tangentially 

increasing with increase in time 𝑡 and goes to finite 

value, when The graph of scalar expansion θ is 

hyperbolic tangential in nature. At 𝑡 = 0, the scalar 

expansion attain the constant value three and it is 

hyperbolic tangentially increasing with increase in time 

𝑡 and goes to finite value, when  𝑡 → ∞. This shows 

that in the beginning, model has expansion and it is 

expanding hyperbolic tangentially and attain the finite 

value at later stage of time 𝑡 (Graph–4).    

 

Graph-5 shown the behavior of bulk viscous fluid with 

respect to time 𝑡. At 𝑡 = 0, the coefficient of bulk 

viscosity ξ retain the highest value and it is gradually 

decreasing as the time 𝑡 increasing for 0 ≤ 𝑡 ≤ 1 and 

attain the zero value for 𝑡 ≥ 1. This shows that in the 

beginning, the model has highest bulk viscosity of the 

fluid and gradually it is slowing down and there is no 

bulk viscous fluid in the model at final stage. 

Graph-3: λ Vs  t 

Graph-4: θ Vs  t 

Graph-5: ξ  Vs  t 
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The particle density 𝜌𝑝in the model is shown in the 

Graph-6, and it has similar behavior ashat of coefficient 

of bulk viscosity. 

 

The model always has shear. At 𝑡 = 0, the shear 𝜎 

retain the value one and it is increasing in the sense of 

graph of hyperbolic tangential function as time 𝑡 

increasing and has finite value when 𝑡 → ∞. This 

shows that the model starts with constant shear and it 

is hyperbolic tangentially increasing with increases in 

time 𝑡 and goes over to finite value at final stage of time 

𝑡. 

 

The deceleration parameter 𝑞 in the model is always 

appeared with negative values. At 𝑡 = 0, the 

deceleration parameter 𝑞 attain the value 𝑞 =

−1.667 and it is gradually increasing as 𝑡 increasing 

and reaches the value 𝑞 = −1 at 𝑡 = 1.5. For 𝑡 ≥

1.5 , 𝑞 = −1 forever. This shows that the model has 

accelerating hyperbolic expansion for 0 ≤ 𝑡 < 1.5 

and it has constant accelerating expansion for  𝑡 ≥

1.5. The model has no decelerating phase of expansion. 

Further the ratio 
𝜎

𝜃
≠ 0 as 𝑡 → ∞ shows that model 

is not isotropize.  

CONCLUSION 

We have investigated Locally Rotationally Symmetric 

Bianchi Type-II Magnetized String Cosmological Model 

with Bulk Viscous Fluid in Bimetric Theory of 

Gravitation and studied its geometrical and physical 

behavior. The model has volumetric hyperbolic 

expansion and expansion is always in accelerating 

phase. All the physical parameters and geometry 

behave hyperbolic in nature, as the hyperbolic 

geometric function appears in it. The people of physicist 

community will definitely attract towards this point to 

search such type of geometry of the universe.  

REFERENCES 

Harrison, E R,  (1973) Phys. Rev. Lett. 30 188-

196. 

Melvin, M.A.Ann. (1975) Newyork. Acad. Sci., 

262, 253-274. 

Asseo E. and Sol H., (1987) Phys. Rep., 148, 

307-436. 

Roy, S. R.  and Banerjee S. K., (1995) Class 

Quantum Gravitation, 11, 1943-1948. 

Yadav A. K., Pradhan A. and Singh A., (2011) 

Rom. J. Phys., 56, 1019-1034. 

Bali R.,  Yadav M. K. and Gupta L. K.,  (2013) 

Adv. Math. Sci. 2013 892361. 

Rosen N. (1973) Annls of Phys. 84 455-473. 

Rosen N., A topics in theoretical and experimental 

gravitation physics edited by V. D. Sabtta 

and J. Weber., Plenumpress, London, 

1977. 

Graph-8: 𝑞 Vs   t 

Graph-7: 𝜎 Vs   t 

Graph-6: 𝜌𝑝 Vs   t 



I J R B A T, Issue (X) Vol (III) Sept 2022: 137-142  e-ISSN 2347 – 517X 

A Double-Blind Peer Reviewed & Refereed Journal                                                                                                Original Article 

 

 
 

 

 

P
ag

e1
4

2
 

Karade T. M., Ind J Pure- Appl Math, 11(9), 

1202-1209 (1980). 

Isrelit, Cambri.Uni Press 91, 1981. 

Reddy D. R. K. and Rao N. V., (1998) Astro Space 

Sci, 257, 293-298. 

Katore S. D.  and Rane R. S., (2006) Gen Rel and 

Grav, 26(3) 265-274. 

Khadekar G. S. and Tade S. D., (2007) Astro Phy 

Sci, 310, 47-51. 

Borkar M. S.  and Charjan S. S., (2010) An Int J 

AAM, 5(10), 96-109. 

Borkar M. S. and Charjan S. S., (2010) An Int J 

AAM, 5(10), 1660-1671. 

Borkar M. S. and Charjan S. S., (2013) An Int J 

AAM, 8(1), 116-127. 

Sahoo P. K., Mishra B. and Ramu A., (2010) Int J 

Thor Phys, 50(2), 349-365. 

Gaikwad N. P., Borkar M. S.  and Charjan S. S., 

(2011) Chi. Phys. Lett., 28(8), 089803.  

Borkar M. S.  and Gaikwad N. P., (2014) Int. J.  

of Mathematical Sci, 34(1), 1406-1411. 

Borkar, M. S. and Gaikwad, N.  P., (2014) 

Applications and Applied Mathematics 

(AAM), an International Journal, Vol. 9, 

No. 1, pp. 246-259. 

Borkar, M. S. and Gaikwad, N.  P. (2016) 

Applications and Applied Mathematics 

(AAM), an International Journal, Vol. 11, 

No. 2, pp. 875-887. 

Tyagi A. and Sharma K., (2011) Chin. Phys. Lett., 

28(8), 089802. 

 

 

 


