I[JRBAT,Issue (X), Vol. I, Jan 2022: 101-110 e-ISSN 2347 - 517X

Foo e MHETERY INTERNATIONAL JOURNAL OF RESEARCHES IN BIOSCIENCES, AGRICULTURE AND TECHNOLOGY

AL

¥
&
T\

AL e
4

T © VMS RESEARCH FOUNDATION www.ijrbat.in

STABILITY OF BIANCHI TYPE-IX COSMOLOGICAL MODEL IN
BRANS-DICKE THEORY OF GRAVITATION

A. S. Nimkarl, J. S. Wath2
1Department of Mathematics, Shri. Dr. R. G. Rathod Arts & Science College,
Murtizapur, Dist. Akola (M.S.) India.
2Department of Applied Mathematics, P.R. Pote (Patil) College of Engineering and
Management, Amravati.
anilnimkar@gmail.com, jotsnawath@gmail.com

Revision : 16.11.21 & 31.12.2021

Communicated: 24.10.21

ABSTRACT:

Accepted: 20.01.2022

Published: 30.01.2022

In this paper, we have investigated stability of Bianchi Type-IX cosmological model in the presence of energy momentum
tensor for matter and the holographic dark energy in the framework of scalar tensor theories of gravitation proposed by
Brans-Dicke!. To obtain the exact solution we have used variation law for Hubble parameter. Also, we discuss the

physical and kinematic properties of the model.
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INTRODUCTION:

In the present paper, we have used Bianchi
Type-IX  cosmological model. Several
researchers are using Bianchi Type-IX space

time as a result of this space time model

Gij = _87z¢_1Tij _w¢_2[¢,i¢,j _%gij¢,k¢lkj_¢_l(¢i;j —0;;

) a

permits not solely expansion however and

conjointly rotation and shear. O

Recently, there has been a lot of interest in ¢ = ¢: =87¢ " (3+2w) (T i +-]_-ij)
alternative theories of gravitation, especially, (2)

the Brans-Dicke! theory of gravity. Brans-
Dicke theory introduces a scalar field o
which has the dimension of the inverse of
gravitational constant and which interacts
uniformly with all forms of matter. Brans-
Dicke theory is a powerful scalar-tensor
theory due to its huge cosmological
implications.

Brans-Dicke field equations for combined

scalar and tensor fields are given by

o0

The energy conservation equation is,
Ti4+T) =0

(3)

In the recent years, the holographic principle
plays an important role in solving the dark
energy problem, by using this principle
Guberina et al.2, Setare3, M. Kiran et al?,
Farajollahi et al>, Mete et al®, S.Wang et al’,
Jing-Fei Zang et al8, are some of the authors
who have studied various aspects of

holographic dark energy and dark energy
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models using various theories. Also, D. D.
Pawar et al® examined Kantowski-sach
model in brance-dicke theory of gravitation.
S. D. Katore et all®, Parth Shah et alll,
Geovanny A. Rave Franco et all?2 have
analyzed stability of cosmological models.
Bali et all3, Tyagi et all4, Bagoral®> has
investigated Bianchi Type IX cosmological
model. In this paper, we obtained
cosmological model using a linearly varying
deceleration parameter by Akarsu and
Derelil®.

The purpose of the present work is to obtain
stability of Bianchi Type-IX cosmological
model in the presence of energy momentum
tensor for matter and the holographic dark
energy. Our paper is organized as follows. In
section 2, Metric and field Equations.
Section 3, Solutions of field Equations. The
last section contains some conclusion.
Metric and field Equations

Consider the Bianchi type-IX metric in the

form
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energy and ui is the four velocity vectors of
the distribution respectively.
Also the scalar field satisfies the following

equation

O
¢ =@y =8x¢ 7 (3+20) (T +T)
From Eq. (5), we have
Tll :Tzz :T33 =P,

and T44 =—(on *+£1) (6)
Using the equations (1) - (3) and (5) - (6), the

field equations of metric (4) are

2 2 2
b> b’ 4b ¢ 6 ¢

(7)

2

% bu 2b, 2
a b ab 4* 24
(8)

2a4b4+b42 a’ 1_w¢42+(34 2b4j¢4 Pu

a b4 ¢

ab b 4t b 2 ¢

a bjg ¢

ds® = —dt* +a’dx® +b?dy® + (b®sin® y + a’® cos® y) dz* 2 cosyzdxdz

(4)
Where & and D are functions of time t alone.
The energy momentum tensor for matter
and the holographic dark energy are defined
as

Tij = Pn Ui, and

fij =(p, + p/l)uiuj +0; P,
(5)
P>

P are the energy densities of

P,

where

matter and the holographic dark energy,
is the pressure of the holographic dark

a, b_4 B 8zg! o
(;+b]¢4+¢44_(3+2a))(3p1 Pm ,0/1)

(10)

By the law of conservation we have,

a, 2b a
(ot a2 o)+ 0 [ 2 2
a b a
(11)
Where the subscript ‘4’ after a, b, ¢and P

denote partial differentiation with respect to

t.

=-8r ¢71 P,

2
+a)¢4+(a4+b4j¢4+¢44:_8ﬂ-¢1 p;L

Pt =g (p, ;)
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3. Solutions of field Equations
The above system of the equations (7) to (11)

are five equations and seven unknown

a,b o, p,p,&p,

. In order to solve
this undermined system two additional
constraints are required.

Hence to find a determinate solution we use
the following conditions which physically
corresponds the vanishing of trace of both
matter and dark energy tensors. This is
analogous to the disordered radiation
condition of general relativity.

(M. Kiran%)

T+T =pn+tp,—3p, =0
So, from above equation we get,

30, =Pn—p, =0
(12)
Here we assume minimally interacting
matter and holographic dark energy

components, both the components conserve

separately, hence can be written as

a, 2b,
i IS Y o

(13)

(10/1 )4 + (1+wz)pz[%+%j =0

(14)

Using barotropic equation of state

p,=p,0,

where @ is the EoS parameter for
holographic dark energy through which we

investigate disparate epoch of universe.

@0
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For Bianchi type IX cosmological model, the
average scale factor R and the spatial volume

V are given by

R(D) = (ab?

(15)

V =R?® =ab?

(16)

The mean generalized Hubble’s parameter H

for this model is given by

H=2(H, +Hy+HZ)=1(ﬁ+2b—4j
3 3l a b

(17)

where Hy Hy and H, are the directional
Hubble parameters along x, y and z axes

respectively defined by

o

H =—% H =H, = -4
b
(18)

The average anisotropic parameter Am for

the universe is defined as

13&(AH, )
AmZéE(Tj

AH, =H, -H

where (19)

The anisotropic parameter can be used to
inspect whether the universe expands
anisotropically or isotropically. The universe
expands anisotropically for nonzero value of

anisotropic parameter and that of it expands
isotropically if Ay = 0.
The expansion scalar 0 and shear scalar

2
O are given by
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9:3H:(a—4+2%“j

a

(20)

o-z—EAmHz—l a_4_b_4 i
2 “3la b

(21)

Also, we use the condition that the shear

scalar O is directly proportional to
expansion scalar 0.

cxl =o=kb
(22)
where kl is a proportionality constant.

Using equations (20) and (21),

Equation (22) becomes,

1(a, b, a, 2b
| =% =k _4+_4
s (e)

(23)

On integrating equation (23) we get,

[Zx/g kl+1]
a=h P
(24)

Now, we consider a generalized linearly
varying deceleration parameter (Akarsu and

Derelil?)

-RR
q=—"2=-k,t+n-1
R,
(25)
Where kZ >0 and N2 0 are constants and
k,=0

reduces to the law of Berman (1983)

which yields models with constant

deceleration parameter.

e-ISSN 2347 - 517X

Solving (25), one obtained following different

form of solution for the scale factor

R= k3€k4t for
k,=0 & n=0

R=ky(nt+kg)" o
k,=0 & n>0
Where Kas Ka Ks, Ks are constants of
integration.

k,=0 & n=0

3.1 Case I - For 2 , average

scale factor is

R =k,e"

(26)

From equations (15), (24) and (26) we get,

a=k ekl(zﬁk1+1)t
=Ry

(27)
b=k ek1(1ﬂ/§k1)t
= Rs

(28)
With the help of equations (10), (12), (27) and
(28) we get,

Kio

ek1(2+J§ ki)t

(29)

Equations (16) and (26) gives spatial volume,
V = kllesklt

(30)

The mean generalized Hubble’s parameter H

for this model defined by (17) takes the form
H =k,
(31)

The expansion scalar 0 and shear scalar

2
O are defined by (20) and (21) takes the

form
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0 =3k,
(32)

o? =9,*
(33)

The average anisotropy parameter is,

A, = 6k12

(34)

By using equations (27) and (28), equation
(4) takes the form

2 2
ds? :_dtz_l_(k7ek1(2ﬁk1+1)t) dx2+(kgek1(lﬂ/§k1)t) dy +

| ke (BT gy g BB sty ‘n":: = g BFT g 12 i

(35)
Using equation (13), the energy density of

matter is given by

P =
g3k
(36)
The Holographic dark energy pressure is
given by
|;>/1 _ k13 {S S e—zkl(l—\/gkl)t _g ekt 4 g }
8 ek1(2+J§k1)t 1 2 3 4

(37)
The Holographic dark energy density is given
by

3k o )
13 5, + 5,8 2k (¢ ﬁkl)t_sseeklt +S4_55ek1w§k1 )t

Pi = Sﬂekl(wékl)t 1

(38)

The EoS parameter is given by

@0
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{Sl i Sze—Zkl(lﬂ/ékl)t _ Saeﬁklt i 54}

w, =
2 S{Sl 4 Sze-zkl(l—ﬁkm _ 83e6k1t i S4 _ Ssekl(ﬁk_lm}
(39)
where
5 - L
s, =320-V3k,] Tk
3k,’
SS = —_4
4k,
S, =
S, = 87k,
3Ky4

3.1.1 Kinematics properties of the model-

The decomposition of time-like tidal tensor

is

U= {;:ka(z«[f?q ) 1405t )+ EE - B0) P (450 y)
And

Vorticity Wy = 0y = W3 = 0y =0

Vorticity of model along x, y, z and t- axes is
zero. So, the obtained model is non-rotating.
Whereas vorticity is nonzero, model is

rotating.

3.1.2 Stability solution and physical
significance of the model-
We discuss the stability of the model

by observing the ratio of sound speed given
ap; _ .2 dp,

when the ratio dp T

ki

250

e C
positive i.e. S , we have a stable model
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dp,
whereas when the ratio dp 4 is negative i.e.

2
€ < 0, we have an unstable model.

Also, in this model Hubble parameter,
expansion scalar, shear scalar, and the
average anisotropy parameter are constant
throughout the wuniverse except spatial
volume is a function of time. The mean
generalized Hubble parameter is constant
throughout the evolution of the universe so
aH o

dt . This shows that greater the value
of Hubble parameter, faster the rate of

expansion of universe.

3.2 Case II -
k,=0& n>0

For , average scale factor is

1

R =k (nt+k;)"

(40)
From equations (15), (24) and (40) we get,

2+/3k,+1
a=kg(nt+ky) "

(41)
13k,
b=k, (nt+k,) "
(42)
With the help of equations (10), (12), (41) and
(42) we get,
n+2-/3k,
=k, (nt+ks) "
(43)

Equations (16) and (40) gives spatial volume,

@0
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3

V =k (nt+ky)"

(44) The mean generalized Hubble’s
parameter H for this model defined by (17)

takes the form

_ 1
(nt+ky)

(45)
The expansion scalar 0 and shear scalar

2
O are defined by (20) and (21) takes the

form
__ 38
(nt+k,)
(46)
, 9k’
(nt+ky)?
(47)

The average anisotropy parameter is,

A, = 6k12

(48)

By using equations (41) and (42), equation
(4) takes the form

dy

243k, +1 2 13k 2
ds? =—dt* +| ky(nt+ks) " | dx*+| kg(nt+k,) "
[ ey g} ] ol
kit + k) sy ko (n+k) cos” vidT =2 k. (m+k,) 00z dhek:
| \
(49)
Using equation (13), the energy density of
matter is given by
Ky
Pm = - 3
(nt+k,)" O
)
(50) i
(<]
ap
©
A
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The Holographic dark energy pressure is

given by

L — i 2k Wikl
P‘=w‘Il‘.(l:r*kf)"vlz(l:r—kf) -L(nt+k) " *L_.i

(51)
The Holographic dark energy density is given
by

| w ok ok
P, =L (k)" <L (=K ) ¢ -L(0r=F)

3, (- | ikt ket Jit

T T (wt o b
=L tL\I=R)

(52)
The EoS parameter is given by
( , 1t Wi |
‘LI(JEf+kf).‘T[,:(75f+kf) vo=Lyntthy) ?L;|
S = =
S‘Ll(m*‘kﬁ)“+L:(::r+k5) vo=Lnt+k) "t +L 4Lt +ky)

(53)
where
L, =12k, J_knJﬂJW<+7+2@+2 Bk, f
1 3k
L, =— =2
K 4%

L, =(2-2V3k,Jln+2-+3k,)

87Ky

L =
i 3k17

3.2.1 Kinematics properties of the model-
The decomposition of time-like tidal tensor

is

@0
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r 05D
==k QB 0tk T (rcos”y) +h (-4 ur ek

And

Wy = Wy = Wy =0y =0

Vorticity
Vorticity of model along x, y, z and t- axes is
zero. So, the obtained model is non-rotating.
Whereas vorticity is nonzero, model is
rotating.

This shows that the given cosmological

model is stable throughout the evolution of

k,=0 & n>0

the universe for
Also, in this model spatial volume, Hubble
parameter, expansion scalar and shear
scalar are the function of cosmic time
throughout the universe except the average

anisotropy parameter is constant.

3.2.2 Stability solution and physical
significance of the model-
We discuss the stability of the model

by observing the ratio of sound speed given

dp;.

=C,
by dp, , when the ratio dp, is
2
positive i.e. € > 0, we have a stable model
dp,

whereas when the ratio dp 4 is negative i.e.

2
Cs < 0, we have an unstable model.

The behavior of Spatial Volume and Hubble
Parameter are represented in Fig (5) and Fig.
increases

(6), as time Spatial Volume

increases. But Hubble Parameter decreases
and finally vanish at { =%
It is also interesting to note that, all the

above parameters vanish when cosmic time
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is infinite whereas when cosmic time is zero

all the above parameters are finite.

CONCLUSION

In these paper, we have investigated stability
of Bianchi Type-IX cosmological model in BD
scalar tensor theories of gravitation. We
found the stability of cosmological model in
case I and case II with the help energy
momentum tensor for matter and the
holographic dark energy. We have obtained
the exact solution of Bianchi Type-IX
cosmological model.

It is also interesting to note that, in both the

cases (Both the model) the average

. A
anisotropy parameter is same and

constant. In both the models EoS parameter

@7 is a function of time through which we

investigate disparate epoch of universe.
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In this model,

35 T T T T T T T T T
30 }

= & _
25 K

20 /_

15 ’ -

10 F / -

5 -? -

Ratio of Sound Speed (dp, fdp;)

0 - . o . S

-5 1 1 1 1 1 1 1 1 1

0O 01 02 03 04 05 06 07 08 09 A1
Cosmic time (t)

dp, _ .2

S

Fig. (1) Plot of ratio of sound speed dp A versus cosmic time (t)
2

From Fig (1), it is observed that initially ratio of sound speed Cs is constant. But after
2

sometime when time increases Cs also increases and goes to infinity. This shows that the

k,=0 & n=0

given cosmological model is stable at initial stage for

In this model,

—a
M

—

o
o

o
=

o
(V]

Ratio of Sound Speed (dp, /dp; )
o
»

0 1 1 1 1 | 1 1 1 1

0 01 02 03 04 05 06 07 08 09 1

Cosmic Time ()

Fig. (2) Plot of ratio of sound speed dp A versus cosmic time (t)
2

From Fig (2), it is observed that the ratio of sound speed Cs increases as time increases
2

afterwards times increases but ratio of sound speed Cs is constant. This shows that the given

k, =0 & n>0

cosmological model is stable throughout the evolution of the universe for 2

@0
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Shear Scalar (c?)

0 0.2 0.4 0.6 0.8
Cosmic time (t)

Fig. 3 Plot of Shear Scalar Vs.
Cosmic time (t)

Expansion Scalar (8)
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0 0.2 04 0.6 0.8 1
Cosmic time (t)

Fig. 4 Plot of Expansion Scalar Vs.
Cosmic time (t)

The behavior of Shear scalar and expansion scalar are represented in Fig (3) and Fig. (4), as
time increases shear scalar and expansion scalar decreases and finally they vanishes at

>
25 T T T T T | | | T 2 | I I I | T T T T
== pn=12
2 — n=14
- 15} _ _
— I m— n=1.6
s N N
£ 15 s N.
3 o
S E r \‘s. 7
s 1 a Satel W
E s \‘-"h-_
7] % 05 \‘---
0.5
0 | 1 1 1 | | 1 1 1

0 010203040506070809 1
Cosmic time (t)

0 02 04 08 08 1
Cosmic time (t)
Fig. 5 Plot of Spatial Volume Vs. Fig. 6 Plot of Hubble Parameter Vs
Cosmic time (t) Cosmic time (t)
The behavior of Spatial Volume and Hubble Parameter are represented in Fig (5) and Fig. (6),
as time increases Spatial Volume increases. But Hubble Parameter decreases and finally

vanish at 1 =,
It is also interesting to note that, all the above parameters vanish when cosmic time is infinite
whereas when cosmic time is zero all the above parameters are finite.
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