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ABSTRACT:  

In this paper, we have investigated Bianchi type-II cosmological models in Saez -Ballester theory under the influence of 

cosmic string, perfect fluid and thick domain wall, wet dark fluid and macroscopic body. Exact cosmological models in 

the theory are obtained with the help of relation between metric coefficient and equation of state. We also discussed 

various physical and dynamical properties of the models. The variation of different cosmological parameters are shown 

graphically for specific values of the parameters of the models. The main aim of the paper is to compare the obtained 

results of cosmic string, Perfect fluid thick domain wall ,wet dark fluid, and macroscopic body within the framework of 

Saez -Ballester theory.  
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INTRODUCTION: 

Scalar-Tensor Theories of Gravitation are 

considered to be the most natural generalization 

of general relativity. Saez Ballesster [1] 

constructed a scalar tensor theory of gravitation 

in which the metric is coupled with dimensionless 

scalar field in a simple manner .This coupling 

gives a satisfactory description of the weak field. 

Saez Ballester theory of gravitation commits 

the field equations as
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Where 
ijijij RgRG

2

1


is the Einstein tensor, 

ijR
is the Ricci tensor, R is the scalar curvature,

n is arbitrary constant,   is dimensionless 

coupling constant and ijT
is energy –momentum 

tensor.Here comma and semicolon denote partial 

and covariant differentiation respectively. 

Saez[2],Sing & Agarwal[3], Shri Ram &Singh 

[4],Shri Ram Tiwari[5] , Reddy& Rao[6] ,Rao, 

Sireesha & Suneetha [7] and Sharma &Singh [8] 

are some of the authers who have studied various 

aspect of Saez Ballestertheory. 

The purpose of the present work is to obtain 

Bianchi type-II Cosmological model in presence of 

cosmic string, perfect fluid, thick domain walls, 

wet dark fluid and macroscopic body. Our paper 

is organized as follows. In section 2, we derive the 

Metric and field Equations in Seaz-Ballester 

theory of gravitation. Section 3, Solutions of 

cosmic string as a source, Section 4,Solutions of 

perfect fluid as a source.  Section 5, Solutions of 

thick domain walls. Section 6 contains solutions 

of wet dark fluid.  Section 7,Solutions of 

macroscopic body. Section 8 is mainly concerned 
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with the physical and Kinematical properties of 

the model and section9,graphical representation 

of cosmic string, perfect fluid,  thick domain walls 

and wet dark fluid and macroscopic body.Section 

10 contains the observational parameters of all 

the models. The last section contains 

comparisons and conclusion. 

2. Metric and Field Equations: 

We consider the Bianchi type II space time in the 

form, 

  22222222 dzCdyBzdydxAdtds 
                               

(3) 

Where A, B,C are function of t only. 

The field equation in Seaz Ballester theory are 

given by 
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Where the suffix ‘4’ on the following unknown 

represent ordinary differentation w.r.to ‘t’ only. 

3.Solution of Cosmic string: 

The investigation for cosmic string is one of the 

interesting problem of morden astronomy, 

cosmology and particle physics.The concept of 

cosmic string is hypothetical one dimensional 

object at cosmological scale.The concept of string 

theory was established to express events of the 

early stage of the formation of the universe.The 

general relativistic treatment of strings was 

initiated by Vinenkin[9] and Letelier[10] and the 

gravitational effects of cosmic strings have been 

extensively discussed by,Khadekar[11], 

Kandalkar[12],Adhavet. al.[13],Pawaret. al. 

[14],Vidyasagar et.al. [15]. 

The energy momentum tensor for string cloud is 

given by 

jijiij xxuuT  
(9) 

where ρ is the rest energy density of the cloud of 

strings with massive particles attached to them, 

ρ = ρp + λ,ρp being the rest energy of the particles 

attached to the strings and λ the tension density 

of the system of strings. ui describes the cloud 

four velocity and xi represents the .direction of 

strings. 

From equation (9) 

  4

4
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1 ,0, TTTT
                             (10) 

The equations (4) to (8) is a system of six 

independent equations with seven unknown

 andCBA ,,,,,
  In order to get 

deterministic solution we use the condition for 

Reddy String 

0 
 (11)Also the power law is given by  

mn BCandBA 
(12) 

Using (4) to (8), we get, 

)(2

2

2

4144
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(13) 

Solving equation (13) we get, 

1
54 )(  nm
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(14) 
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With assit the equation (14),(15) and (16) 

equation (3) of the form  
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From equation (8),we get 
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Graphical representation of spatial Volume, 

Shear scalar, Hubble Parameter and Expansion 

Scalar with time of cosmic string are in Fig-1. 

Solution of Perfect fluid: 

We have the perfect fluid energy momentum 

tensor as - 

ijjiij gpuupT  )(
(26) 

1jiuu (27) 

Where 
iu is the four velocity vector of the fluid 

and
p

and


are the proper pressure and energy 

density respectively. 

From (26) and (27), the components of 

j

iT
 in 

commoving coordinate are, 
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(28) 

Condition of stiff  fluid  
0 p

(29) 

Solving equations (4) to (8) with assist of 

equations (28) and (29), we get metric coefficients, 

cosmological model, physical properties and 

graphical illustration of the model. But all above 

results are identical the result obtained from 

cosmic string. Also the value of proper pressure 

and energy density are 
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5.  Solution and Model of Thick Domain walls: 

In this section we discuss the thick domain walls 

in the Bianchi type-IIspace time given by (3).A 

thick domain wall maybe considered as a solution 

like solution of the scalar field equations coupled 

with gravity.There are two methods of analyzing 

thick domain walls.One method is to solve 

gravitational field equations with an energy-

momentum tensor describing a scalar field 


 

with self interactions contained in a potential

 
 given by 

 







  jiijji g

2

1

  (32) 

Second approach is to assume the energy 

momentum tensor in the form 

  jijiijij pgT  
(33) 

1j

i
(34) 

Where 


 is energy density of the walls, p is 

pressure in direction normal to the plane of the 

wall and i
 is a unit space-like vector in the 

same direction. 

Katoreet.al. [16], Chirdeet. al. [17], Bhoyaret. al. 

[18] are  some of the authors  who have 

investigated several aspects of   domain wall. 

Here we use the second approach to study the 

thick domain walls in scale covariant theory of 

gravitation. 

From (33) with the help of (34),we get  
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Solving equations (4) to (8) with the help of 

equation (35) and (36). 

We obtain metric coefficients, cosmological 

model, physical properties and graphical 

illustration of the model. But all above results are 

identical the result obtain from cosmic string and 

perfect fluid. Also the value of proper pressure 

and energy density are, 
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6. Solution and model of Wet dark fluid: 

The nature of the dark energy component of the 

universe as one of the hidden mysteries sof 

cosmology. The wet dark fluid (WDF)as a model 

for dark energy. This model is in the essence of 

the generalized Chaplygin gas Goriniet. al. [19], 

where a energetic equation of state is offered with 

properties relevant for the dark energy problem. 

Here the motivation stems from an empirical 

equation of state proposed by Tait [20] and 

Hayward [21] to treat water and aqueous 

solution. 

The equation of state for WDF is very simple. 

 
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The pressure 
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 and *
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 are taken to be positive 

and we restrict ourselves to 
10  

 

To find the WDF energy density, we use the 

energy conservation equation  
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Where c is the constant of integration and v is the 

volume expansion WDF naturally includes two 

components, a piece that behaves as a 

cosmological constant as well as a standard fluid 

with an equation of state
p

. We can show 

that if we take 0c , this fluid will not violate the 

strong energy condition 
0 p

. 
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The wet dark fluid has been used as dark energy 

in the homogeneous, isotropic FRW case by 

Holman et. al. [22]. T. Singh et. al. [23] studied in 

Bianchi type I universe with wet dark fluid. 

Adhavet. al.[24]have been studied in detailed for 

Einstein-Rosen universe with wet dark fluid. 

AlsoChaubey[25], Mishra et.al.[26], Samanta[27], 

Nimkaret.al.[28],Chirdeet.al.[29],Deo et. 

al.[30],Angitet. al.[31] are some of the researchers 

who have investigated various aspects of wet dark 

fluid. 

The energy momentum tensor of wet dark fluid is 

given by 

ijWDFjiWDFWDFij gpuupT  )(
(39) 

Where 
iu  is the flow vector satisfying 

1ji
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By using commoving system of coordinates, we 

get 
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Solving equations (4) to (8) with assist of equation 

(41) and (42),  we obtain metric coefficient, 

cosmological model, physical properties and 

graphical illustration of the model.  But all above  

results are indentical  the results obtain from 

cosmic string,perfect fluid and thick domain 

walls also. The Value of proper pressure and 

energy density are 
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7. Solution and model of macroscopic body: 

The energy momentum tensor of macroscopic 

body(Landue L.D and Lifshitz E.M) [32]   is given 

by, 

ijjiij gpuupT  )(
 (45) 

Here 
p

 is pressure,   is energy density and iu
 

represents the four velocity vectors of the 

distribution respectively. 
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The equation (5)-(8) contain seven unknown 

 ,,,,,, pCBA
 .To find the deterministic 

solution use power relation 

mn BCBA  ,

and proper volume v and average scale factor a(t) 

for Bianchi type II is 

3

1

)()( ABCta 
(47) 

3)]([ tav 
 (48) 
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The physical quantities of cosmological model are 

expansion scalar  ,the mean anisotropy 

parameter Am and shear scalar  are defined 

as 

C
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The variation of Hubble’s parameter suggested by 

Berman [34] that yields constant deceleration 

parameter of the model is given by 
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Solving (47) and (53) we get 
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From equation (54),(55) and (56) cosmological 

model of equation (3) can be written as 
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Scalar field, pressure and energy density is given 

by, 
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Graphical representation of spatial Volume, 

Shear scalar, Hubble Parameter and Expansion 

Scalar with time of macroscopic body are as Fig-

2 
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Also, the expression for the energy density W, 

energy flow vector S and stress tensor 
are 

 

 (67) 

 

 (68) 

 

 (69) 

If the velocity of the microscopic motion is 

smallcompared with the velocity of the light ,then 

wehave approximately
.)( vpS 
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is 

the momentum density and 
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role the mass densityof the body.From the 

expression (46),we get    
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Compare the relation (70)with the general 

formula (71)which we saw was valid for an 

arbitrary system. Since we are at present 

considering a microscopic body ,the expression 

(71) must be averaged over all the value  of r in 

unit volume .We obtained the result 

2

2
2 13

c

v
cmp a

a

a  
 (72) 

Here the summation extends over all particlesin 

the unit volume 

The right side of this equation tends to zero in the 

ultra relativistic limit,so in this the equation of 

state of matter is 3


p

.  

   

8. Properties of all four models: 

Average Scale Factor 
  )1(3

1

54 )( 



 nm

nm

ktkta
               

(73) 

Deceleration Parameter  1

)1(
1

2






nm

nm
q

(74) 

Jark Parameter            

2)1(27

)575)(12(2






nm

nmnm
J

(75) 

Snap Parameter

3)1(81

)8108)(575)(12(2






nm

nmnmnm
S

(76) 

Lark parameter

4)1(213

)111311)(8108)(575)(12(2






nm

nmnmnmnm
J

(77) 

Properties of Microscopic body model: 

Average Scale Factor   
  )1(

1

43 )(  qCtCta
(78) 

Jark parameter  
qqJ )12( 

(79) 

Observational parameter of Microscopic body 

Model: 
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From equation (78),(82) and (83) gives 

   Look back time:   

  




















 )1(

1

0

3

1

1
1

)1(
q

L

zHq

C
t

                                  

(86) 

Snap parameter   
)23)(12(  qqqS

(80) 

Lark parameter    

)34)(23)(12(  qqqqL
(81) 

9. Graphical Illustration: 

 Graphical illustration of spatial Volume, Shear 

scalar, Hubble Parameter  and Expansion Scalar  

with time of cosmic string , perfect fluid ,wet dark 

fluid and domain walls and microscopic body are 

shown in fig 3 

Observational parameters of all Four models: 

Look-back time redshift:Look –back time is 

defined as the difference between present age of 

universe 0t  and the age of the universet when a 

particular light ray at redshift z was emitted. It 

depends on the dynamics of the universe. 

tttL  0  (82) 

Where 0t  is present age of universe and z denotes 

redshift of light well measured quantity of a far 

distant object such as galaxies. The redshift of 

light is emitted due to expansion of universe. For 

given redshift z,the average scale factor of the 

universe 
)(ta

 is related to the present scale 

factor of the universe 
)(0 ta

 by           

)(

)(
1 0

ta

ta
z 

(83) 

From equations (73), (82) and (83) give 

  




















)1(

)1(3

0

6

1

1
1

nm

nmL

zH

k
t

 (84) 

Luminosity Distance redshift: The Luminosity 

distance of light source is given  

 
 

   zz
nm

nmk
dH nm

nm

L 











 



111
242

13
1)1(

)242(
6

0

                                                                        

 

CONCLUSION 

In brief, Energy momentum tensor and space-

time associated with them have cosmological 

interest due to their important applications in 

structure formation of the universe. Also, it is well 

known that scalar fields have considerable effects 

in the early stages of revolutionary universe. Here 

we have presented Bianchi type II cosmological 

models in Saez Ballester theory of gravitation 

proposed by Saez[1] with cosmic string, Perfect 

fluid, thick domain walls, wet dark fluid and 

macroscopic body. The models in four energy 

momentum tensor are similar and it is observed 

that the macroscopic body could exist in the early 

epoch of the universe by using law of variation of 

Hubble’s parameter which yield constant 

deceleration parameter and average scale factor. 

The behavarior of physical parameter of Bianchi 

type II macroscopic body cosmological model is 

similar to Rao et al [7].Also discussed some 

physical and kinematical properties and 

graphical illustration of cosmic string, Perfect 

fluid, thick domain walls, wet dark fluid and 

macroscopic body. All these models studied here 

will be useful for a better understanding of Saez 

Ballester cosmology and structure formation of 

the universe. 

It may be observed that at initial moment, when 

t=0, the spatial volume will be zero while energy 

density and pressure diverge. When t tends to 

zero, then the expansion scalar , shear scalar and 

Hubble’s parameters tends to infinity. For large 
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value of t, we observe that expansion scalar, 

shear scalar and Hubble parameters become zero 

at late time 

As we know the motivation behind the scalar 

tensor theories is to explain the accelerated 

expansion of universe.  
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Fig .1 

  

Spatial Volume  

1

1

54 )( 



 nm

nm

ktkV
 

Shear scalar 

2

54

2

62

)(54 ktk

k




 

  

Hubble Parameter 
)( 54

6

ktk

k
H




 Expansion Scalar  
)(3 54

6

ktk

k




 

 

Figure 1 shows that volume increases with time. Volume V  as t . Hubble parameter 
decreases with increasing time.  The expansion  scalar and  shear scalar are decreasing with increase in 

time and both vanishes as t  for distinct value of m and n  in presence of cosmic string Also , plot 
of Average Scale Factor  verses  time – 

 

 

 

Fig. 2: Plot of Average Scale Factor vs. Time 

Where, 154  kk  
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Fig.2 

 

 
 

  

 

 

                                                                   Fig .3 

Also, the expression for the energy density W, energy flow vector S and stress tensor 
are 
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Fig.3. 

 
 

Spatial Volume Expansion scalar 

 

 

 

 

Shear scalar Hubble Parameter 

 

Figure 3show that volume increases with time. Volume V  as t . Hubble parameter decreases 
with increasing time.  The expansion scalar and shear scalar are decreasing with increase in time and 

both vanishes as t . 
 

Fig.4 

 

Also the graph of Average Scale Factor vs. time 
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Figure 5: Plot of Look back time vs. red shift for 
75,1.0 03  Hk

 

 

 

 

Figure 6: plot of luminosity distance vs. red shift for 
75,1 06  Hk

 

 

                                                                     Fig.7 
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Fig.8 

Above figure 8 shows that the Luminosity distance increase faster with the redshift. 

 

 

 


