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ABSTRACT:

Inversion formula is used to retrieve original function to be transformed. Inversion formula of simplified fractional
Fourier transform (SFRFT) says that for many types of functions it is possible to recover a function from its simplified
fractional Fourier transform. If we know the function in frequency domain then we may reconstruct original function
in time domain. Many differential equations can be solved by inversion formula. An application of inversion formula is
Parseval’s identity which states that sum or integral of product of functions is equal to the sum or integral of the
product of its transform. The aim of this paper is to establish inversion formula and prove Parseval’s identity for
simplified fractional Fourier transform.

Keywords :- Simplified fractional Fourier transform, fractional Fourier transform, inversion formula, linear canonical
transform, Parseval’s identity.

INTRODUCTION : satisfy a/ p = cota and have smallest

The simplified fractional Fourier transform has implementation costs. Then LCT with this set of

been investigated in number of papers[1],[2] and parameter can replace the FRFT with order a for

has proved to be very useful in many this type of implementation, and it is the SFRFT.

application. It is the simplest form of the The purpose of this paper is to show that the so-

fractional Fourier transform (FRFT). Due to
SFRFT, digital

called SFRFT is nothing more than a variation of

computation, optical the standard Fourier transform such as its

implementation, graded-index (GRIN) medium inversion formula can be derived very easily

implementation and radar system
implementation become simplest than FRFT.
Many application of FRFT such as removing
chirp noise[3] and as fractional Hilbert
transform[4] are based on the design of
fractional filters. The fractional filter is the
special case of fractional convolution[5]. We can
replace the fractional Fourier transform with the
Linear Canonical transform(LCT), generalize the
fractional convolution into the canonical
convolution and all the equal condition and all
the LCT’s with parameter {a,b,c,d} will have
same effects as the FRFT of order a for a design

of a canonical filter if a/b = cota. For each type

of implementation, what values of {a, b, c,d} will

http:/ /doi.org/10.29369/ijrbat.2023.02.1.0059

from those of the Fourier transform by a single
change of variable. To demonstrate this idea, we
shall drive the inversion formula of the
generalized SFRFT.

Preliminaries:-

We define the Fourier transform of a function f(t)
FQu) = 2m)72 f " et f(oyde

The inverse Fourier transform if

£() = 2n) j " et Faydu

The simplified fractional Fourier transform with

angle a of a signal {(t) is defined as

@0
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1 [ee]
[SFRET(f(0)](w) = (j2m) ™z [ exp (—jut +
étz cota) f(®)de.
Generalization of Simplified fractional
Fourier transform:
The Generalization of simplified fractional

Fourier transform with parameter a of f(t)

denoted by O0g,)(f(t)) performs a linear
operation given by the integral transform,

Of ey (f(D) = F{f (D)} ()

[SFRFT f(0) J(u) = [, f(t)Kq(t, ) dt

where, Ka(t,u) = (j21'[)_%e(_jut+%t2 COt(“))

The Test Function Space:
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put e (1) = g, (0)

[SRFT(F(O)]00 = G2m) S [ et g (00t
[SFRFT(f ()] (w) = () 26o ()

where G,(u) = (Zn)_%fooe_j“t ge(t)dt

This is the standard Fourier transform

Therefore the inverse Fourier transform

0.0 =07 [ et G
3t Ot L (1) = (2m) f " gt J2[SFRFT(£(£))] w)du

Kl jut—2¢2 cota
FO =Lk [ e e )y du

[ee]
n

An infinitely differential complex valued smooth function on (D(R?(lgsslonfﬁo E(R#ﬁ J
= ,u) du

if for each compact [ c S, where, S, =
{teR™,|t| <a,a > 0},[eR™
vEI(®) =32 DL @(t)| < o0, wherel = 1,2,3 ...

tel

F,(W)Ke

TED) i\l our—it2
where K,(t,u) = (zf_n)zefut Jt° cota

Parseval’s identity for generalized simplified

fractional Fourier transform

Thus E(R™)will denote the space of all @e E(R")with support conﬁli[gqgﬁpTS(of(t))](u) = F,(u) and [SFRFT(g(t))](u) —

Note that the space E is complete and therefore
a Frechlet’s space. Moreover, we say that
Generalization of simplified fractional Fourier
transform if it is a member of E* , the dual space
of E.

Inversion formula of generalized simplified
fractional Fourier transform

The generalized simplified fractional Fourier

transform is given by

[SERFT f(t) J(w) = [ f(O)K,(t,w) dt

where, Ka(t,u) = (]'271)_§e(_jut+ét2 cot(@))

then its inverse f(t) is given by

f@®) = fooFa(u)Ka(t, u) du

_ L
where K,(t,u) = (zj_n);ejut—;tzcota

Solution:-

The generalized simplified fractional Fourier

transform is given by

[SFRFT £(t) () = [, f(£)K (t, ) dt
where, Ka(t,u) = Uzn)—%e(—jut+£tzcot(a))

[SFRFT(f(1))](w) = (jzn)‘§ f ; e Jut gt cota f(®dt
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G, (u) then
oo —_— —il o —_
1) I f©g(® dt = G2 [, Fa )G (w) du
oo -jl o
2) L@ de = G [2 |IFew)ldu  Here
bar indicate the conjugate function.
Proof:-
1)

[SFRFT(f ()] (W) = F,(w) = (j2n) "z 2 exp (—jut +
L2 cota) f(t)dt
[SFRFT(g(t))](w) = G, (w)

1 (oo}
= (]'211)_3] exp (—jut

+ ]Etz cotaf) gt)dt

By the inversion formula of generalized SFRFT
. 1 (oo} 3 .

90 =G [ MG

- —j 1 . j

O =Gpr [ M T

Now consider

f_ FOF@ dt

—1 1 (oo} [ee] 3 .
- (ﬁﬁf Ga (1) f f(£) €773 0 gy

o0
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| r@0s® =G0t [ G R du

2) putting f(t) = g(t), F,(w) = Go(u) and F,(u) =
G (W)

by using the above result

| r@0s® =G0t [ G R du

f_ FOF® dt = G f FQw) Fy () du

[ZIFO1 dt = G2 7 1R ()] du.

CONCLUSION :

In this paper, we have proved the inversion

formula of generalized simplified fractional

Fourier transform and also proved the Parseval’s

identity of generalized simplified fractional

Fourier transform
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